We calculate the Hall viscosity and the nonlocal (i.e., dependent on wave vector q) Hall conductivity of "gapped graphene" (a non-topological insulator with two valleys) in the presence of a strong perpendicular magnetic field. Although the final formulas are similar to the ones previously obtained for gapless graphene, the derivation reveals a significant difference between the two systems. First of all, both the Hall viscosity and the Hall conductivity vanish when the Fermi level lies in the gap that separates the lowest Landau level in the conduction band from the highest Landau level in the valence band. It is only when the Fermi level is not in the gap that the familiar formulas of gapless graphene are recovered. Second, in the case of gapped graphene, it is not possible (at least within our present approach) to define a single-valley Hall viscosity: this quantity diverges with a strength proportional to the magnitude of the gap. It is only when both valleys are included that the diverging terms, having opposite signs in the two valleys, cancel out and the familiar result is recovered. In contrast to this, the nonlocal Hall conductivity is finite in each valley. These results indicate that the Hoyos-Son formula connecting the Hall viscosity to the coefficient of q 2 in the small-q expansion of the q-dependent Hall conductivity cannot be applied to each valley, but only to the system as a whole. The problem of defining a "valley Hall viscosity" remains open.
I. INTRODUCTION
Graphene-based materials have attracted much attention because of their intriguing electronic properties 1 .
As long as both time-reversal and inversion symmetries are respected, graphene remains a gapless system with massless quasiparticles. Addition of a "mass" term to the Hamiltonian of pristine graphene creates a gap in the energy spectrum. There are 36 possible gap-opening instabilities in graphene associated with spin, valley, and superconducting channels 2 . In particular, the addition of the so-called "Semenoff mass" 3 ∆σ z where ∆ is the strength of the staggered onsite potential between A-and B−sublattices andσ z is the z-component of the pseudospin operator has widely been investigated. Semenoff mass opens a band gap of 2∆ at the Dirac points while preserving the time-reversal symmetry (in the absence of a magnetic field) and breaking the inversion symmetry of pristine graphene. Such a gapped graphene system with broken inversion symmetry can be realized by growing graphene on substrates such as SiC 4 and hexagonal boron-nitride (BN) 5 . In addition, one can show that the system is non-topological with vanishing Chern number when both valleys are considered.
Gapped graphene is host to a unique valley Hall effect even in the absence of a magnetic field 6 . Similar to the gapless graphene in the presence of a perpendicular external magnetic field 7 , the broken time-reversal symmetry in gapped graphene leads to the formation of Landau levels (LLs) 8 with respective wave functions whose two-component spinor nature have recently been confirmed 9 . In addition, ultraclean samples of graphene have also been shown to support a hydrodynamic regime for the electron flow 10 , where the resistance arises from the viscosity when adjacent parts of the fluid move with different velocities. Being the coefficient that controls the transport of momentum in a fluid, viscosity is a fourth-rank tensor that connects the stress tensor with the rate of change of the strain tensor according to the formula
where i, j, k, l are cartesian indices, v kl = 1 2
is the symmetrized gradient of the velocity field v, and the stress tensor P ij is obtained from the derivative of the Hamiltonian with respect to the metric tensor.
The viscosity tensor in d = 2 dimensions is then given by η ij,kl =ζδ ij δ kl + η(δ ik δ jl + δ il δ jk − δ ij δ kl )
where ij is the rank-2 Levi-Civita tensor and η and ζ are the two transport coefficients, the shear and the bulk viscosities, respectively, which are both dissipative in rotationally-invariant systems with preserved time-reversal symmetry. The coefficient in the third term denoted by η H = η xx,xy , produces a force density f i = − j ∂ j P ij proportional to the Laplacian of the velocity field, but perpendicular to the latter, viz.,
whereẑ is the unit vector perpendicular to the plane of the two-dimensional fluid. Therefore, η H is a nondissipative component of the viscosity tensor for any fluid. As a first attempt for an electron fluid, Avron et al.
obtained an expression for η H for a two-dimensional electron gas (2DEG) in a perpendicular magnetic field 11 .
They revealed that η H is proportional to the filling factor of the LLs, suggesting a connection with topology.
Later, η H was coined as the Hall viscosity, denoted by η H , and shown 12 to have a topological significance as, for a rotationally-invariant system, it is proportional to average orbital spin known as Wen-Zee shift 13 , a topological feature a quantum Hall system on a curved space possesses, which stems from a "gravitational coupling" to the intrinsic geometry of the real-space manifold on which the electrons reside. This topological quantity is represented as an excess carrier number density that can be measured. The relationship between the Hall viscosity and the Wen-Zee shift suggests an interesting possibility to experimentally determine the Hall viscosity 14 . Interestingly, such relationship has recently been verified for a synthetic photonic quantum Hall system put on the tip of a cone 15 .
Over the past decade, the Hall viscosity has been studied for various quantum Hall systems 16 . It was pointed out by Hoyos and Son 17 that for Galilean-invariant systems, the Hall viscosity can be extracted from the q 2 term in the expansion of the nonlocal Hall conductivity in powers of wave vector q, which suggests an experimental access to the Hall viscosity from the electromagnetic response of the electronic quantum Hall system. Due to its two-dimensional structure and the possibility to place it on a curved surface, graphene is an excellent material for the experimental realization of the Hall viscosity for an electronic quantum Hall system.
Recently, Sherafati et al. 18 demonstrated that a relation similar to the one derived by Hoyos and Son holds between the Hall viscosity and the Hall conductivity in monolayer graphene, in spite of the absence of the Galilean invariance. They also obtained an analytical expression for the Hall viscosity in a continuum model of graphene using the linear-response formulation of the Hall viscosity suggested by Tokatly and Vignale 19 .
In brief, the Hall viscosity, η H = η xx,xy , is an instance of a class of "anomalous transport coefficients" -of which the Hall conductivity is the best known example -which are given by the imaginary part of an off-diagonal linear response function, in this case
Schematic diagram of the Landau levels in gapless graphene. The highest occupied and the lowest empty levels are labeled as N L − 1 and N L , respectively, compared to the Fermi level which lies within the gap between these two levels. Here for definiteness we assume electron doping, i.e., N L ≥ 1. However, the final formulas will be given in a form that is invariant under the electron-hole transformation N L → −N L + 1.
where P xx ; P xy ω is a shorthand for the off-diagonal stress-stress response function.
Starting from the Kubo formula of Eq. (4) we obtained
(g sv = 4 for graphene) where the Fermi level falls in a gap between the LLs with indices N L − 1 and N L (see Fig. 1 ). N L can be zero or negative, corresponding to the possibility of hole doping 1 and the result exhibits full electron-hole antisymmetry, that is to say, the viscosity changes sign under the transformation N L → −N L + 1.
In addition, we found that the expansion of the q-dependent Hall conductivity in graphene can be cast in a form very similar to that of found by Hoyos and Son 17 for 2DEG, namely
where n = g sv
is the carrier density (electron density for N L ≥ 1, hole density for N L ≤ 0). Furthermore, we will show that the second term in Eq (6) retains the physical interpretation proposed by Hoyos and Son, i.e., can be expressed in terms of the orbital magnetic susceptibility with the appropriate effective mass.
The conclusion is that electrons in doped graphene behave (not unexpectedly) like a Galilean-invariant 2DEG
with an effective mass m c which is given by
The goal of this work is to extend the calculation of the Hall viscosity and nonlocal Hall conductivity to the case of "gapped graphene" (defined in the next section) in a strong magnetic field, and to obtain expressions for the Hall viscosity and Hall conductivity of this system. Our main results can be summarized as follows: 4. In contrast to the above, the nonlocal Hall conductivity is finite in each valley. These results indicate that the Hoyos-Son formula connecting the Hall viscosity to the coefficient of q 2 in the small-q expansion of the q-dependent Hall conductivity cannot be applied to each valley, but only to the system as a whole.
5. The problem of defining a "valley Hall viscosity" remains open.
II. MODEL AND FORMULATION
In this work we consider graphene in the presence of a perpendicular magnetic field being gapped due to a Semenoff mass term added to the low-energy Hamiltonian of both valleys. The single-particle Hamiltonian for small momenta p in K-or K -valley is given bŷ
A(r) is the kinetic momentum operator with vector potential A = Bxŷ in the Landau gauge corresponding to a perpendicular magnetic field B = Bẑ. The pseudospin operators for K-and K -valley
The Landau levels (LLs) associated with the K-valley Hamiltonian in Eq. (8) are labeled by an integer index n = ..., −2, −1, 0, 1, 2, ... including the Zeroth-Landau Level (ZLL) and they are characterized by the following eigenstates and energies for the valence (λ = 1) and conduction (λ = −1) bands:
where the magnetic length associated with the magnetic field B is given by = c/eB with character-
are the Landau-gauge wave functions with H n (x) being the n-th order Hermite polynomial. We have used the following definitions:
We note that the amplitude a λ,n can also uniquely identify ZLL wavefunction as a −1,0 = 0 and a 1,0 = 1. The degeneracy per unit area for each Landau level is (2π 2 ) −1 .
For K -valley the LLs and their corresponding energies are given by:
Similarly, the amplitudes a 1,0 = 1 and a −1,0 = 0 uniquely specify ZLL wavefunction in this valley.
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Schematic diagram of the Landau levels in "gapped graphene". There are two valleys K and K . The "zero-th"
Landau level is at the top of the valence band in the K valley and at the bottom of the conduction band in the K valley.
The lowest unoccupied Landau level in the K valley is labeled as N L . This coincides with the lowest unoccupied level in the K valley except when the Fermi level is in the gap
for the K -valley. Here for definiteness we assume electron doping, i.e., N L ≥ 1 (for the K-valley). However, the final formulas will be given in a form that is invariant under the electron-hole transformation N L → −N L + 1.
A. Hall viscosity
The geometric Hall viscosity can be expressed in terms of the matrix elements of the stress tensor
where P xx ; P xy ω is a shorthand for the off-diagonal stress-stress response function. The stress tensor operator is defined as
whereĤ is the many-body Hamiltonian and g is the determinant of the metric tensor. Evaluating the derivative and setting g ij = δ ij we arrive at the Euclidean stress tensor
where summation runs over all noninteracting electrons. From this point on, the metrics will be fixed to
Euclidean. The single-particle states are two-component pseudo-spinors of the form presented in Eqs. (9) and (11).
Plugging Eq. (14) into Eq. (4) for the matrix elements of the stress tensor between the LLs we obtain the central starting expression for the Hall viscosity in terms of these matrix elements which reads
where A is the area of graphene,
for the occupied LLs labeled by k and empty levels labeled by l.
We note that for a typical experimentally accessible strength of magnetic fields of B = 10 T the magnetic
a where a 1.42Å is the carboncarbon bond length. Therefore, the present continuum model for gapped graphene electrons in magnetic field is legitimate. In addition, for B = 10 T, we obtain ω 0 = 0.61 eV, which corresponds to a temperature T = ω 0 /k B ≈ 7100 K, while the Zeeman splitting temperature, 2µ B B/k B ≈ 13 K is relatively negligible.
Finally, for a graphene epitaxially grown on SiC substrate, a gap of ∆ ≈ 0.26 eV is produced 4 . Therefore, in our continuum model we have γ = ∆ ω 0 < 1.
B. Nonlocal Hall conductivity
The nonlocal Hall conductivity σ xy (q, ω) can be expressed for both valleys in terms of the current-current response function χ xy (q, ω) corresponding to that valley, namely
The response function is given by
where the wave vector is chosen to be along the y-direction (q = qŷ), f (E λ,n ) is the Fermi distribution function, and the current density operator is given bŷ
III. HALL VISCOSITY FOR K-VALLEY From Eq. (14) for the K-valley the matrix elements of the single-particle stress tensor are given bŷ
The expression for the Hall viscosity in Eq. (15) is then simplified to
A. Electron-doped case The contribution of each case to the K-valley Hall viscosity is then given by:
where N C is the index of the highest-lying Landau level in the positive or negative sector within the linear Dirac bands for which the Hamiltonian is valid. The other two contributions are given by
and
The final expression of the K-valley Hall viscosity for ω = 0 can be simplified to
where N L 1 and the kernel functions corresponding to the positive, negative, and the zeroth LLs are given by:
and the step function θ(x) is defined by
Three remarks are worth making here:
1. Eq. (25) 2. For the infinite number of occupied LLs in the negative sector (N C → ∞), the second summation in Eq.
(25) diverges. This can be verified by the fact that F K 2 (k, γ) is positive and monotonically decreasing function of k for any γ < 1. Then, the integral test for the convergence of series guarantees the divergence of the second summation.
3. For γ = 0, we have F K 2 (k, 0) = 0 and F K 3 (0) = 1 for which we will eventually recover the result for the K-valley Hall viscosity of the gapless graphene as reported in Eq. (6) of our paper. 18 
IV. HALL VISCOSITY FOR K'-VALLEY
From Eq. (14), the two nonzero components of the stress tensor are given by:
whereσ ± ≡σ x ± iσ y .
Then, Eq. (15) can again be used for the valley Hall viscosity in this case.The closed expression for the K -valley Hall viscosity is given by
levels pinned within the band gap (|E F | < ∆) we have the ZLL unoccupied. For the latter case, we must calculate the transitions from all occupied LLs in the negative sector to this ZLL. Similar to the K-valley Hall viscosity, we consider three contributions to the K -valley Hall viscosity each of which are given by:
We note that for E F > ∆ the ZLL is occupied whereas for |E F | < ∆ it is empty and we must consider all nonzero matrix elements of the stress tensor between this level and occupied LLs in the negative sector.
The final expression of the K -valley Hall viscosity for ω = 0 can be simplified to
Notice that Eq. (33) gives K -valley Hall viscosity for a Fermi level either being pinned within the gap (the second term) or larger than the gap (the first term for E F > ∆). Similar to the K-valley Hall viscosity, there is a diverging summation coming from contributions from an infinite number of LLs in the negative sector.
V. TOTAL HALL VISCOSITY: ELECTRON DOPING
A. E F > ∆ For ω = 0, the addition of the valley Hall viscosities given in Eqs. (25) and (33) yield the total Hall viscosity for the integer quantum Hall states of the gapped graphene in the presence of a perpendicular magnetic field.
Eq. (35) indicates that if the Fermi level is pinned within the band gap the total Hall viscosity is zero and for the Fermi level in the positive sector the total Hall viscosity is identical to the value we have already obtained for the gapless graphene 18 , namely
where g sv = 4 for the valley and spin multiplicity. The equivalence between Eqs. (35) and (36) is clear for
The total Hall viscosity vanishes if the Fermi level is pinned within the gap. In this case, only the diverging summation and the contribution from the ZLL exist in η K H (ω = 0) while for K -valley we must consider the terms in the second bracket of Eq. (33). On the other hand it can easily be seen from Eq. (34) that all these contributions cancel each other, despite the divergence of the individual valley Hall viscosities.
VI. TOTAL HALL VISCOSITY: HOLE DOPING
The hole doping case corresponds to the negative Fermi levels such that E F < −∆. This corresponds the shift of N L index for the electron-doped case to −N L + 1 for the hole-doped one. In other words, for the latter case, all the LLs in the negative sector below the highest empty one labelled as −N L are now occupied. As before we will consider three cases:
• Case 1 : Interband transitions for which both empty and occupied levels belong to the negative sector.
In this case we have −N L + 1 l −1 for empty levels and −N C k −N L for the occupied ones.
• Case 2 : Interband transitions for which the occupied levels belong to the negative sector and the unoccupied ones belong to the positive sector. In this case we have 1 l N C for empty levels and −N C k −N L for the occupied ones.
• Case 3 : Contribution from the occupied LLs in the negative sector to the unoccupied ZLL. In this case
It turns out that the contribution to the hole-doped K-valley Hall viscosity for each of the above cases is exactly the opposite of the corresponding case for the electron-doped K -valley Hall viscosity, and vice versa.
In other words, we obtain the following relationships:
where the left-hand side is the contribution for the electron doing and the right-hand sign is that for the hole doping. We conclude that for N L −1 the total Hall viscosity changes sign under transformation N L → −N L + 1 and we must have
VII. NONLOCAL HALL CONDUCTIVITY FOR K-VALLEY
Using the LL eigenstates from Eq. (9) and the K-valley current density operator from Eq. (18) we can finally obtain the matrix elements of x-and y-components the current density in Eq. (17) as
where the integral I(n , n, q) is given by
where the function G n n (q) is given by
with the property of
is the associated Laguerre polynomial and we have also made use the integral
The following properties of I(n , n, q) integral can easily be verified and are going to be used in the subsequent calculations:
Using Eq. (16), the nonlocal Hall conductivity is then given by:
where the three main functions in Eq. (43) with their symmetry with respect to the interchange of λ ←→ λ and n ←→ n are defined as
The last relationship for function I K (λ, n; λ , n , q) is found using the symmetry of I(n , n, q) integrals expressed in Eq. (42).
Using the properties expressed in Eq. (43) and considering the degeneracy of LLs we can eventually simplify the multiple summations in Eq. (43) into separate summations over LLs in the conduction and valence bands.
The expression for the nonlocal Hall conductivity is then given by
where ω λn,λ n = (E K λ,n − E K λ ,n )/ and the function in the numerator is given by Eqs. (44), (41), and (40). Now, similar to the electron-doped case of valley Hall viscosity we calculate the contributions to the nonlocal Hall conductivity in Eq. (45) from three cases. Adding these three contributions we obtain the total K-valley nonlocal Hall conductivity to be given by
Now we note that for an antisymmetric function f (j, j ) such that f (j , j) = −f (j, j ) we can simply show by swapping the summation indices that an identical double sum over the two indices is zero, namely m j=n m j =n f (j, j ) = 0. This point can be applied to the second term in the bracket of Eq. (46) which allows us to simplify the Hall conductivity to the following final form:
The current density operator for K -valley is givenĵ K (q) = −ev Fσ * e −iq.r with the pseudo-spin operator to beσ * = (−σ x ,σ y ). The nonlocal valley Hall conductivity in this case is calculated from the currentcurrent response function similar to the one expressed in Eq. (17) using the matrix elements of the current density operator with respect to the LLs in this valley represented in Eq. (11). we finally obtain the following expression for the nonlocal Hall conductivity:
where the function in the numerator of the summand is defined as
Similar to the result of the K-valley Hall conductivity given in Eq. (47), further simplification of Eq. (48)
IX. TOTAL NONLOCAL HALL CONDUCTIVITY: K+K'.
We obtain the nonlocal Hall conductivity of the electron-doped system here for two cases of the Fermi level one being larger that the gap energy and another being pinned within the gap.
A. E F > ∆ Adding the contributions from both valleys given by Eqs. (47) and (50) we can obtain the total nonlocal Hall conductivity
We note that the gap energy only appears in the denominator in Eq. (51) in the coefficient of ω 2 . Now we define n = n + k and write the summations in the expression of the conductivity in terms of n and k variable, namely
At zero frequency (ω = 0) Eq. (52) yields the final expression for the total nonlocal Hall conductivity
B. |E F | < ∆
In this case, we see that the ZLL for the K-valley in occupied (N L = 1) but it is empty for the K -valley.
The contributions from the ZLL and the transitions from all the LLs in the negative sector are then given by
To obtain the second line in Eq. (54) we again note that the double sum of an antisymmetric function
[look at Eq. (49)] is zero. Similarly the only nonzero contribution to the Hall conductivity of K -valley is coming from the ZLL, namely
Adding the contributions from both valleys given by Eqs. (54) and (55) we can obtain the total nonlocal Hall conductivity
Now using Eqs. (44) and (49) we can simplify the numerator of Eq. (56), namely
But from symmetry property of the integral I(n , n, q) given in Eq. (42) we conclude that I K (−, 0, +; n , q) = I K (−, n , +; 0, q); hence σ xy (q, ω) = 0 for any Fermi level within the gap.
X. NONLOCAL HALL CONDUCTIVITY AND HALL VISCOSITY
We emphasize that the expression for zero-frequency nonlocal Hall conductivity given in Eq. (53) is valid for both gapped and gapless graphene. We can examine this by expanding the expression in Eq. (53) for various filling factors N L for small values of wave vector q. In addition, in this section we show that, similar to the case of gapless graphene, the Hall viscosity explicitly appears in the small-q expansion of the zero-frequency nonlocal Hall conductivity in the coefficient of O(q 2 ) term.
For example, for N L = 1 the small-q expansion of the Hall conductivity for gapless graphene is simplified to e 2 (1 − (q ) 2 /4)/(2h) while the conductivity expression for the gapped graphene in Eq. (53) yields
Using Eq. (41) we note that G 2 0,k−1 (−q) = 2 1−k e −q 2 2 /2 (q ) −2+2k . Up to order O(q 2 ) the only contributing terms correspond to the values k = 1, 2. Therefore the small-q expansion of the conductivity for the gapped graphene will be identical to that of for gapless graphene for N L = 1 18 .
We note from the definition of G nn (q) [Eq. (41) ] that for keeping terms up to O(q 2 ), the index k = n − n can only be k = 1, 2. Evaluating the summations in Eq. (53) for k = 1, 2 we arrive at a simplified expression for the conductivity as
Now we expand the expression in Eq. (59) up to O(q 2 ) which yields
We then re-write the coefficient of (q ) 2 term as
where n = g sv 
which is identical to the result obtained for gapless graphene in Eq. (8) of our earlier work 18 .
XI. SUMMARY AND DISCUSSION
We have shown by explicit calculation and by theoretical argument that the Hall viscosity and the Hall conductivity of "gapped graphene" in a uniform perpendicular magnetic field are both zero (at zero temperature)
when the Fermi level lies in the gap |E F | < ∆, where ∆ is a "Semenoff mass". In all other cases the two quantities are given by the same formulas that were previously derived for gapless graphene 18 . Perhaps the most intriguing result of the analysis is that it is not possible, at least with our present method, to calculate the Hall viscosity for a single valley (K or K'). The sum over Landau levels diverges with a strength proportional to the gap ∆. It is only when the contributions of K and K' are combined that the diverging terms cancel, leaving us with the familiar finite result. This unexpected result seems to point to a fundamental limitation of the continuum model, when applied to the calculation of the valley-filtered viscosity. In contrast to this, the results for the nonlocal conductivity remain well-behaved, even when they are calculated in a single valley. An immediate consequence of this phenomenon is that the Hoyos-Son relation between nonlocal conductivity and viscosity breaks down in a single valley. The origin of this singular behavior remains unclear at the time of this writing.
